We call a polynomial g(t1; : : : ; tm; X) over a eld K generic for a group G if it has Galois group G as a polynomial in X, and if every Galois eld extension N=L with K L and Gal(N=L) G arises as the splitting eld of a suitable specialization g( 1; : : : ; m; X) with i 2 L. We discuss how the rationality of the invariant eld of a faithful linear representation leads to a generic polynomial which is often particularly simple and therefore useful. Then we consider various examples and applications in characteristic 0 and in positive characteristic. These include results on so-called vectorial polynomials and a generalization of an embedding criterion given by Abhyankar. We give recursive formulas for generic polynomials over a eld of de ning characteristic for the groups of upper unipotent and upper triangular matrices, and explicit formulas for generic polynomials for the groups GU2(q 2 ) and GO3(q).
Introduction
In Inverse Galois theory (see Malle and Matzat 13]) one is interested in obtaining polynomials which have a given group as Galois group. It is even more desirable to have a polynomial which parametrizes all polynomials with a given group, or at least all Galois eld extensions having this group. A typical example is the polynomial X 2 ? t, which parametrizes all Z 2 -extensions over a eld of characteristic not 2. Such polynomials are called generic (see in Section 1 for a more exact de nition).
A classical way to obtain generic polynomials was given by Noether 16] , who proved that if the invariant eld K(x 1 ; : : : ; x n ) G of a permutation group G S n is purely transcendental (= rational) over K, then a generic polynomial for G exists, and has n parameters. The question whether K(x 1 ; : : : ; x n ) G is rational is known as Noether's problem. In this paper we start by showing that the rationality of the invariant eld K(V ) G of a faithful linear representation leads to a generic polynomial in m = dim(V ) parameters. In fact, polynomials arising in this way have the stronger property that they parametrize exactly all Galois extensions having a subgroup of G as Galois group. We present a more general construction principle for generic polynomials (having this subgroup-property), which depends on the rationality of the invariant eld of a suitable sub eld of K(x 1 ; : : : ; x n ). Constructing generic polynomials from linear representations does not provide any new existence proofs for generic polynomials, since by a theorem of Endo and Miyata (see 14]) the rationality of K(V ) G implies the rationality of the invariant eld of some faithful permutation representation. However, the generic polynomials arising from linear representations usually have fewer parameters and are simpler than generic polynomials obtained from permutation representations. Such polynomials are useful for theoretical and computational purposes. For example, searches for polynomials with certain embedding properties become much easier to perform if a simple generic polynomial is provided.
In the second section we consider some examples and applications. We obtain some particularly nice generic polynomials for small groups in characteristic 0 (or coprime to the group order). In
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characteristic dividing the group order, our methods reach much further. We give simple generic polynomials for the general linear group, the special linear group, and the a ne linear group, each in de ning characteristic. As applications, we prove that every nite Galois extension in characteristic p is the splitting eld of a vectorial polynomial (which was independently proved by Abhyankar 1]), and generalize a theorem by Abhyankar 1] on certain central embedding problems. Moreover, we obtain recursion formulas which give generic polynomials for the groups of upper unipotent and upper triangular matrices, and we explicitly give generic polynomials for the unitary groups GU n (q 2 ) and the orthogonal groups GO 3 (q) for q odd, again in de ning characteristic. We would like to thank B. Heinrich Matzat for valuable comments on a rst version of this paper and for raising our interest in generic polynomials, and Shreeram S. Abhyankar for a brief but very fruitful meeting in Dagstuhl.
Generic polynomials and rationality
We start by giving a de nition of a generic polynomial, which follows DeMayer 5] De nition 1. Let DeMayer 5] states that the existence of a generic polynomial (in the sense of De nition 1) for a group G over an in nite eld K is equivalent to the existence of a generic extension in the sense of Saltman 17] for G over K. DeMayer gives a procedure to obtain a generic extension from a generic polynomial and vice versa. (c) By Saltman 18] , the existence of a generic extension for G over an in nite eld K is equivalent to the condition that the invariant eld K(V reg ) G of G acting by the regular representation is retract rational over K (see the de nition in 18]). /
The rst goal is to prove the following general principle for the construction of generic polynomials. Theorem 3. Let K be a eld, G a group acting on the rational function eld K(x 1 ; : : : ; x n ) by permutations of the indeterminates, and let F be a G-stable intermediate eld between K and K(x 1 ; : : : ; x n ) such that G acts faithfully on F. Assume that the xed eld F G is purely transcendental over K. Then there exists a generic polynomial for G over K.
More, precisely, let F G = K(' 1 ; : : : ; ' m ) with ' i algebraically independent and choose a nite,
Then f(X) = g(' 1 ; : : : ; ' m ; X) with g 2 K(t 1 ; : : : ; t m ) X], and g is a generic polynomial for G over K.
Proof. Since the ' i are algebraically independent, K(t 1 ; : : : ; t m ) is isomorphic to F G , and a splitting eld of g is isomorphic to F G (M) = F. Since the y 2 M are pairwise distinct, f and therefore g is separable, and Gal(g(X)) = Gal(F=F G ) = G: The proof required the following lemma. We omit the proof, since the lemma is implicitly contained in Kuyk 11] . See also Saltman 17] . In geometric terms the situation of Theorem 3 is as follows: G acts faithfully on a reduced a ne K-scheme X of nite type such that the quotient X==G is isomorphic to an a ne m-space A m (K). Moreover, we have a G-equivariant, dominant rational morphism V ! X with V a permutation representation of G. Indeed, one can choose M to be integral over K ' 1 ; : : : ; ' m ], and X as the spectrum of the K-algebra R generated by M and the ' i . Then X==G = Spec(R G ) = Spec(K ' 1 ; : : : ; ' n ]). The dominant rational morphism V ! X comes from the embedding F K(x 1 ; : : : ; x n ) (see Hartshorne 6 , Chapter I, Theorem 4.4]).
A reduced K-scheme X of nite type with a faithful G-action, together with a G-equivariant, dominant rational morphism V ! X is often called a compression of V . The minimal dimension of a compression X of V is called the essential dimension of G (see Buhler and Reichstein 3] ) and denoted by ed K (G). The essential dimension does not depend on the choice of the faithful linear representation V . It follows that the number m of parameters of a generic polynomial obtained from Theorem 3 is bounded from below by the essential dimension ed K (G). In fact, Buhler and Reichstein 3, Theorem 7.5] proved that ed K (G) is the minimal number of parameters in a socalled versal polynomial for G, but this is weaker than a generic polynomial, or even a polynomial satisfying De nition 1(a) and De nition 1(b) for H = G. Example 6. In this example we assume that the characteristic of K does not divide the group order jGj. To prove the second assertion we take F = K(V ) 0 , the eld of homogeneous rational functions of degree 0. Then K(V ) = F(' 1 ), since h ' ? deg(h) 1 lies in F 0 for any homogeneous h 2 K(V ).
This implies that G acts faithfully on F. We now claim that F G = K(' 2 ; : : : ; ' m ). Writing N := K(' 2 ; : : : ; ' m ), we have N F G . The invariant ' 1 is transcendental over F G , and on the other hand K(V ) G has transcendence degree 1 over N, hence F G =N is an algebraic extension. But K(V ) G is a purely transcendental extension of N containing F G , so we conclude that F G = N. Now fy=' 1 j y 2 Mg F is a G-stable subset which generates F as an extension of F G . We have Y y2M (X ? y=' 1 ) = ' ?jMj 1 f(' 1 X) = g(1; ' 2 ; : : : ; ' m ; X); so the second assertion follows by Theorem 3.
Applications
We now consider various applications of Theorem 7, which divide naturally into two cases: the modular case where jGj is divisible by the characteristic of K, and the non-modular case, where the characteristic is 0 or coprime to the group order.
Generic polynomials in characteristic 0 or coprime to jGj
In this section we always assume that the characteristic of K does not divide the group order jGj. 2 ) for G = Z 3 , which is over any eld K with char(K) = 2 f2; 3g. The generic polynomial for Z 3 given by Seidelmann 19] has two parameters and is somewhat more complicated.
For Dihedral groups. The dihedral group G = D n of order 2n has a faithful two-dimensional representation over a eld containing n + ?1 n , with n a primitive n-th root of unity. This representation is a re ection representation, hence the invariant ring is isomorphic to a polynomial ring by the theorem of Shephard, Todd and Chevalley. Therefore a generic polynomial for G over K exists. For n = 2, we obtain g(t 1 ; t 2 ; X) = X 4 . Both generic polynomials are over any eld which is not of characteristic 2, and they are much simpler than the ones given by Seidelmann 19] . By Example 6(b), the number of parameters is minimal. The existence of generic polynomials for the dihedral groups D 4 and D 8 was proved by Black 2] .
(Near-) re ection groups. Some other interesting groups have re ection representations, such as SL 2 (3) . Since the (two-dimensional) re ection representation is de ned over a eld containing p ?3, we obtain a generic polynomial in two parameters over such a eld. By Kemper 8, Corollary 1.4] it su ces for a group G that there exists a re ection groupG containing G, which is generated by G together with the scalar matrices contained inG. In fact, in this case the elds of invariants of degree 0 of G and ofG coincide. In this way, groups such as A 5 can be reached, since f 1g A 5 occurs as the complex re ection group G 23 in the classi cation of Shephard and Todd 20] . We obtain a generic polynomial g(t 1 ; t 2 ; X) for A 5 over a eld containing p 5. This polynomial is of degree 12 and can be printed in about ve lines. In similar ways, there exists a generic polynomial in two parameters for the group PSL 2 (7) over Q( p ?7).
Modular applications
Some groups have faithful linear representations of particularly small dimension over a eld of characteristic dividing the group order. Typical examples are classical groups with their de ning representation. This has two consequences. First, the chances of nding a minimal basis for the invariant eld of such a representation are fairly high, and second, the resulting generic polynomials have few parameters and are quite simple. In this section we will expose a few examples.
The general and special linear group. Let Theorem 11. Let SL m (q) H GL m (q) with e := GL n (q) : H], and let G := F m q o H be the corresponding a ne group. Then g(X) = X q m + t 1 X q m?1 + + t m?1 X q + t e m X + t e m is a generic polynomial for G over F q . This is in particular interesting for m = 1. Here we obtain the generic polynomial g(X) = X q + t e X + t e : Specializing further to e = q?1 and substituting X by tX, we obtain the Artin-Schreier polynomial g(X) = X q + X + t as a generic polynomial for the additive group F q . Thus the above polynomial may be viewed as a generalization of Artin-Schreier polynomials. P-groups. If K is a eld of positive characteristic p and G a p-group, then by Miyata 14] , K(V ) G is purely transcendental over K for every representation V . Thus by Theorem 7 there exists a generic polynomial for every p-group. Miyata's proof uses the fact that with an appropriate choice of a basis the elements of G act as upper triangular matrices with 1's on the main diagonal. Of particular interest is the group U m (q) of all upper triangular matrices with entries in F q and 1's on the main diagonal, since every p-group can be embedded into some U m (q). The invariant ring of U m (q) is isomorphic to a polynomial ring generated by the products over orbits of the variables x 1 ; : : : ; x m . The following theorem gives a recursion formula for the ensuing generic polynomials for U m (q). Upper triangular matrices. It is even easier to give a recursion formula for generic polynomials for the group of upper triangular matrices in GL n (q). The orthogonal groups GO 3 (q). It is a bit more di cult to give generic polynomials for the orthogonal groups GO 3 (q).
Proposition 16. Let G = GO 3 (q) be the general orthogonal group with q an odd prime power. From this the claimed generic polynomial g(X) follows by Theorem 7.
Other re ection groups. It is not true in the modular case that the invariant ring of a re ection group is always isomorphic to a polynomial ring (see Nakajima 15 ], Kemper and Malle 9]). However, it is true by Kemper and Malle 10] that the invariant eld of every nite irreducible re ection group is purely transcendental over the ground eld. Therefore every group which has a faithful irreducible re ection representation over a eld K has a generic polynomial over K. Since the minimal bases are given explicitly in 10], these generic polynomials could be computed (given enough storage space and time for the hard cases). In particular, the general linear, orthogonal, symplectic and unitary groups have generic polynomials over their eld of de nition. (Here the rationality of the invariant elds is already known by Carlisle and Kropholler 4] .) The rationality of the invariant eld can also be shown for some groups which are \close" to re ection groups (see Kemper 8] ). This applies, for example, to the commutator subgroups n (q) of GO n (q) for q and n odd. These groups are simple, and 3 (q) = PSL 2 (q). The second part of Theorem 7 therefore yields the existence of generic polynomials for PSL 2 (q) over F q in two parameters. Although these polynomials can be computed explicitly for given values of q, no general formula is known to date.
